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1. In t roduc t ion  

The most venerab le ,  a l though some f e e l  unromantic, a r ea  of psychology i s  

psychophysics:  the a t tempt  t o  d e s c r i b e  and understand the  a b i l i t i e s  and l imi t a -  

t i o n s  of people  (and o t h e r  organisms) t o  sense and i d e n t i f y  s imple changes in  

one o r  a  few a s p e c t s  of  the  s t i m u l a t i o n  impinging on them. Here,  more than 

elsewhere i n  psychology, mathematics has  played a  s i g n i f i c a n t  r o l e  i n  t h e  

development of t heo ry .  The i n t e r p l a y  began over a  cen tury  ago a t  t he  founding 
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of psychophysics,  which can be c r e d i t e d  j o i n t l y  t o  Fechner ' s  seminal Elemente 

d e r  Psychophysik (1860) and Helmholtz '  remarkable work on a u d i t i o n  (1863). 

Today, one c a n n o t . s e r i o u s l y  e n t e r  t h e  f i e l d  without  a t  l e a s t  knowing we l l  e l e -  

mentary mathematics.  A s  an i l l u s t r a t i o n  of t he  i n t e r p l a y  between d a t a  and 

mathematical  theory ,  I s h a l l  p r e sen t  a  se l f -conta ined  a p p l i c a t i o n  of mathe- 

mat ics--renewal  processes - - to  s e v e r a l  psychological  problems. My t ack  w i l l  be 

t o  devote  a  s i z a b l e  po r t i on  of t h e  paper t o  the  empi r i ca l  background so t h a t  

t h e  i s s u e s  t r e a t e d  by the  theory  w i l l  be meaningful.  The remainder w i l l  ou t -  

l i n e  t h e  theory  and g ive  s e v e r a l  a p p l i c a t i o n s  of i t .  

By a  s imple change i n  s t i m u l a t i o n  I mean something l i k e  a  100 msec f l a s h  

of l i g h t  wi th  some known s p e c t r a l  d i s t r i b u t i o n ,  o r  the  monaural p r e s e n t a t i o n  of 

a  pure tone ( a c o u s t i c  s inuso id )  of some i n t e n s i t y ,  frequency, and du ra t i on ,  

and so  on. It  i s  a  change from one s teady  s t a t e  t o  a  d i f f e r e n t  one and then 

( u s u a l l y )  back t o  t he  o r i g i n a l  one, where the  d i f f e r e n c e  between the  two s teady  

s t a t e s  can be cha rac t e r i zed  i n  some f a i r l y  simple phys i ca l  fashion--al though 

r a t h e r  more c a r e  must be taken to  desc r ibe  t he  e f f e c t  of t ransducers  ( e .g . ,  e a r  

phones) than one might a t  f i r s t  imagine. Such a  change i s  normally c a l l e d  a  

s i g n a l ,  and I s h a l l  employ t h a t  term. 

Typical  ques t i ons  asked by psychophys ic i s t s  a r e :  

1. To what e x t e n t  can a  person d e t e c t  a  s i g n a l  of known c h a r a c t e r i s t i c s ?  

2 .  To what e x t e n t  can h e  i d e n t i f y  t he  s i g n a l  presented a s  one of 

s e v e r a l  preassigned p o s s i b i l i t i e s ?  



3 .  To what e x t e n t  can he d i s c r i m i n a t e  a s  d i f f e r e n t  two s i g n a l s  

presented i n  c l o s e  s p a t i a l  and temporal proximity? 

4.  To what e x t e n t  can he s c a l e  t h e  magnitude of the  change involved 

when t h e  s i g n a l  i s  presen ted?  

I n  each case  t h e  ques t i on  i s  a t  l e a s t  doubly ambiguous. J u s t  what do we mean 

by "de tec t  ," " i d e n t i f y , "  "d iscr imina te , "  and "scale";  and what a r e  s u i t a b l e  

measures of "extent"?  Of course ,  i t  i s  impossible  i n  a  s h o r t  paper t o  d i s c u s s  

s y s t e m a t i c a l l y  t he se  i s s u e s ,  b u t  some b r i e f  remarks w i l l  be u s e f u l  b e f o r e  we 

consider  any models of p rocesses  involved.  

2 .  Some Psychophysical Measures and Functions 

When one asks  a  s u b j e c t  i f  a  change has  occurred--was t h e  s i g n a l  p r e sen t  

o r  n o t ,  which of s e v e r a l  p o s s i b i l i t i e s  has  occurred,  o r  whether one p re sen t a -  

t i o n  i s  t h e  same a s  o r  d i f f e r e n t  from another ,  i n  a l l  t he se  ca se s  t h e r e  i s  

u s u a l l y  a  phys i ca l l y  c o r r e c t  answer. And so one measure of "ex ten t"  i s  t h e  

accuracy of h i s  answers. For example, suppose we run  a  s e r i e s  of t r i a l s  i n  

which t h e  same change--say i n  the  amplitude of a  pure tone--occurs on a  random 

50% of t he  t r i a l s  and no change occurs  on the  remaining 50%. Symbolizing no 

change a s  0  and the change a s  1, l e t  N i, j  = 0 ,  1 denote  the  t o t a l  
i j '  

number of t r i a l s  on which response j  was made t o  p r e s e n t a t i o n  i. An 

obvious measure of accuracy i s  t he  r e l a t i v e  frequency of c o r r e c t  responses  on 

the  t r i a l s  when t h e  s i g n a l  was presen ted :  

On the  assumption of independent t r i a l s  (an assumption which i s  approximately 

c o r r e c t  f o r  wel l -prac t iced  observers  and which we employ throughout) ,  
A 

P1 1 
es t ima te s  t h e  cond i t i ona l  p r o b a b i l i t y  p  of  responding t h a t  a  s i g n a l  was 
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presented when i n  f a c t  i t  was. 

There a r e  a t  l e a s t  two d i f f i c u l t i e s  wi th  t h i s  measure of accuracy.  

F i r s t ,  i t  t o t a l l y  ignores  what happens on the  t r i a l s  when no s i g n a l  i s  pre-  

sen ted .  Were i t  true--which i t  i s  n o t - - t h a t  
NOO 

and NO1 a r e  independent 

of var ious  experimental  parameters ,  such a s  the  p ropor t i on  of ca t ch  t r i a l s  o r  

t he  i n s t r u c t i o n s  t o  t h e  s u b j e c t ,  then perhaps i t  would s u f f i c e  t o  focus  on A 

P1 1 
a s  an e s t ima te  of accuracy. I n  f a c t ,  i f  we provide in format ion  feedback on 



each t r i a l  about which s i g n a l  was a c t u a l l y  presented,  then a s  we change e i t h e r  

the  p resen ta t ion  p r o b a b i l i t y  P o r  the payoffs f o r  c o r r e c t  and inco r rec t  

11 
+ N ) covary. Typical da t a  responses we f ind  t h a t  6 and Bo1 = NOll(NO0 01 

a r e  shown i n  Figure 1. The smooth curve (perhaps a  s t r a i g h t  l i n e  i n  the  non- 

l i n e a r  coordina tes  used) thought t o  unde r l i e  these  da ta  po in t s  i s  ca l l ed  an 

Figure 1. ROC curves f o r  t h r e e  observers  from a  Yes-No d e t e c t i o n  
experiment involving a  s i g n a l  i n  moise ( s )  versus  no i se  alone (n) ,  
i . e . ,  Y=s=l, N=n=O. The coordinates  a r e  normal dev ia t e s .  (This is  
Fig. 4 of Green and Luce, 1973a.) 

ROC ( r ece ive r  opera t ing  c h a r a c t e r i s t i c )  curve. It desc r ibes ,  i n  essence,  t he  - 
t radeoff  exh ib i t ed  by the  sub jec t  between the  two types of e r r o r s - - f a l s e  

p o s i t i v e s  (10) and f a l s e  alarms (01) .  The form of t h e  curve simply r e f l e c t s  

t he  f a m i l i a r  experience t h a t  under f ixed s t imula t ing  condi t ions  one can de- 

c rease  one of t hese  e r r o r s  only a t  t he  expense of increas ing  the  o ther .  So 

a  b e t t e r  measure of what we a r e  a f t e r  i s  some parameter or  parameters de- 

s c r ib ing  the ROC curve.  As an t i c ipa ted  i n  Figure 1, we w i l l  l a t e r  a r r i v e  a t  



a  t h e o r y  i n  which a  t r a n s f o r m a t i o n  t o  normal p r o b a b i l i t y  d e v i a t e s  r e s u l t s  i n  an 

ROC curve  which i s  c l o s e  t o  a  s t r a i g h t  l i n e ,  and so two paramete rs  o b v i o u s l y  

d e s c r i b e  i t  comple te ly .  

The s t o r y  of measur ing "ex ten t"  i s  s t i l l  incomple te ,  even i n  t h i s  most 

s imple  of c a s e s ,  because  of t h e  f a m i l i a r  t r a d e o f f  between speed and accuracy .  

Up t o  a  p o i n t ,  a t  l e a s t ,  a  s u b j e c t  can d e t e c t  more a c c u r a t e l y  i f  t h e  d u r a t i o n  

of t h e  s i g n a l  i s  l o n g e r ;  t h i s  i s  p a r t  of t h e  r e a s o n  most of us  d r i v e  more 

s lowly  under  foggy c o n d i t i o n s .  Because t h e  magnitude of t h e  phenomenon i s  

s t a r t l i n g ,  b u t  n o t  commonly known, some t y p i c a l  d a t a  a r e  provided i n  F i g u r e  2 .  
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- 
- 
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EXPERIMENTER 1 IND. VARIABLE 
- 
- 

McGill 132 M. E. 
o Snodgrass 114 M.E. - 

Chocholle 105 d B  

MAGNITUDE ESTIMATION 

F i g u r e  2 .  P l o t s  of MRT - F v e r s u s  s i g n a l  i n t e n s i t y  i n  dB o r  log  ME, 
which i s  approximately  p ropor t ioned  t o  i n t e n s i t y  i n  dB. The v a l u e  
- 
r = MRT - 5  i n  msec ( f o r  t h e  Snodgrass  d a t a ,  t h e  l o u d e s t  s i g n a l ,  

min 
ME = 1500, i s  n o t  shown). The s o u r c e s  f o r  t h e  d a t a  a r e  Chochol le  (1940) ,  
McGill (1963),  and unpubl ished d a t a  of J .  G .  Snodgrass  ( p e r s o n a l  com- 
munica t ion ,  1962) .  (This  i s  F i g .  7  of Luce and Green,  1972 . )  



Observe t h a t  over t he  range of from j u s t  d e t e c t a b l e  aud i to ry  s i g n a l s  t o  very 

loud ones,  the  response time decreases  by a  f a c t o r  of a t  l e a s t  3. So we must 

ad jo in  to  the parameters desc r ib ing  t h e  ROC curve some measure of time taken 

be fo re  t h e  response.  

S ince ,  i n  the absence of a  theory,  i t  i s  expensive to  c o l l e c t  and d i f -  

f i c u l t  t o  organize a l l  of the  d a t a  t h a t  can be generated by var ing  t h i s  many 

v a r i a b l e s ,  i t  i s  customary t o  f i x  some while varying the o t h e r s .  Usually the  

s i g n a l  du ra t ion  i s  f ixed  when s tudying ROC curves ,  and t h e  frequency of f a l s e  

alarms i s  u s u a l l y  requi red  t o  f a l l  i n  a  narrow range when we s tudy how response 

time v a r i e s  wi th  s i g n a l  s t r e n g t h .  

I d e n t i f i c a t i o n  and d i sc r imina t ion  s t u d i e s  wi th  two s i g n a l s  a r e  handled i n  

much the  same way. When we go t o  more than two s i g n a l s ,  t he re  a r e  d i f f i c u l t i e s  

i n  knowing how t o  summarize the  d a t a ,  which obviously a r e  cons iderably  more 

abundant. Theore t i ca l  models u sua l ly  suggest  some s impl i fy ing  measures, bu t  

s ince  the  h a l f - l i f e  of s p e c i f i c  models i n  psychology i s  b r i e f ,  t h i s  i s  not  very 

s a t i s f a c t o r y  f o r  the  experimenter .  I w i l l  no t  e n t e r  i n t o  any of these  problems 

h e r e ;  s e e ,  f o r  example, Luce and Green (1973). 

As one moves i n t o  these  a r e a s ,  and even more so  i n  the s c a l i n g  a r e a ,  one 

becomes aware of a  b a s i c  change i n  experimental  procedure. There need be no 

p h y s i c a l l y  c o r r e c t  responses,  and s o  feedback no longer makes obvious sense.  

Consider ,  f o r  example, these  two s i m i l a r  experiments.  In  the f i r s t ,  t h e  

experimenter p re sen t s  p a i r s  of tones of the same frequency and d i f f e r e n t  ampli- 

tudes ,  and he asks the  s u b j e c t  t o  judge which i s  louder .  I f  we assume, a s  i s  

suggested by a l l  s o r t s  of d a t a ,  t h a t  loudness of a  pure tone grows wi th  ampli- 

tude,  then t h e r e  i s  an unambiguously c o r r e c t  answer. Now modify the  exper i -  

ment so  t h a t  both the  amplitude and frequency d i f f e r  ( r e c a l l  t h a t  both a f f e c t  

loudness ,  e l s e  t he re  would be no reason f o r  a  loudness c o n t r o l  a s  w e l l  a s  a  

volume c o n t r o l  on an a m p l i f i e r ) ;  then the re  i s  no longer a  c o r r e c t  response. 

More gene ra l ly ,  i f  we t r y  t o  understand the  growth of any s u b j e c t i v e  concept 

such a s  loudness,  b r igh tnes s ,  pa in fu lnes s ,  e t c . ,  we a r e  asking ques t ions  f o r  

which information feedback does no t  seem t o  make any sense because only the 

sub jec t  can know the answer. Nonetheless ,  we seem to  be ab le  t o  e l i c i t  

sys temat ic  and meaningful responses from s u b j e c t s  about such concepts .  A num- 

be r  of methods a r e  i n  use,  and t h e r e  i s  much controversy over which i s  the 

b e s t .  One of t h e  c u r r e n t l y  more popular i s  magnitude e s t ima t ion ,  introduced 



and developed ex t ens ive ly  by t h e  l a t e  S. S. Stevens (1957, 1961, 1966, 1971) 

i n  which t h e  s u b j e c t  i s  simply asked t o  r e p o r t  numer ica l ly  t h e  s u b j e c t i v e  r a t  

of t h e  c u r r e n t  s i g n a l  t o  some s i g n a l  presented e a r l i e r .  Improbable a s  i t  may 

sound, when the  s u b j e c t  i s  a p p r o p r i a t e l y  i n s t r u c t e d ,  the  d a t a  a r e  exceedingly 

r e g u l a r .  To a  good f i r s t  approximation, mean magnitude e s t i m a t e s  of s i g n a l s  

t h a t  vary  i n  i n t e n s i t y  grow a s  power func t ions  of t h e  u sua l  p h y s i c a l  (exten-  

s i v e )  measure of i n t e n s i t y .  Some d a t a ,  averaged over  s u b j e c t s ,  a r e  shown i n  

F igure  3  ( see  a l s o  F igure  7  i n  Sec t ion  5 ) .  The average exponents d i f f e r  
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Figure  3. Magnitude e s t ima te s  f o r  loudness and b r i g h t n e s s .  Each of 32 and 28 
observers ,  r e s p e c t i v e l y ,  made two e s t ima te s  of each s t imu lus ,  presented i n  an 
i r r e g u l a r  o rde r .  The r e s u l t i n g  numbers were m u l t i p l i c a t i v e l y  normalized f o r  
each observer  t o  have the  same va lue  a t  80 and 70 dB, r e s p e c t i v e l y ,  and t h e  
r e s u l t s  shown a r e  t he  median e s t ima te s .  (This i s  Fig.  6  of Stevens,  1957.) 



f o r  d i f f e r e n t  m o d a l i t i e s .  For example, i t  i s  about  0.30 f o r  loudness ,  whereas 

i t  i s  about  3 .5  f o r  shock (60 Hz, h igh  r e s i s t a n c e  i n  s e r i e s  w i t h  t h e  s u b j e c t )  

a s  a f u n c t i o n  of v o l t a g e .  Indeed,  a s  Teghtsoonian (1971) has  shown, a very 

s imple  r e l a t i o n  h o l d s  between t h e  exponents and t h e  range o f  p h y s i c a l  s t imu-  

l a t i o n  from j u s t  d e t e c t a b l e  i n t e n s i t i e s  t o  t he  maximum accep ted  by t he  organism. 

This  i s  shown i n  F i g u r e  4 ,  where t h e  smooth curve  i s  t h a t  p r ed i c t ed  on t h e  

assumption t h a t  t h e  same range  of  numbers i s  used t o  match each p h y s i c a l  range 

LOG STIMULUS RANGE 

Figu re  4 ,  Average magnitude e s t i m a t i o n  exponents  ve r su s  t h e  logar i thm 
of t h e  maximum s t imu lus  range ,  R. The con t inuous  f u n c t i o n  i s  
1 .53 / l og  R ,  where 1.53 i s  a f i t t e d  c o n s t a n t .  (This  i s  F ig .  2 of 
Teghtsoonian,  1971.)  



(so one parameter i s  es t imated  from t h e  d a t a ) .  Fu r the r  evidence t h a t  t h i s  

s c a l i n g  procedure i s  meaningful a r e  the  r e s u l t s  from matching experiments  i n  

which the  s u b j e c t  i s  asked, f o r  example, t o  match t h e  b r i g h t n e s s  of a  l i g h t  t o  

t he  loudness of a  tone.  This  curve i s  again a  power func t ion  wi th  an exponent 

which can be  p red i c t ed  from t h e  two magnitude f u n c t i o n s  on the  assumption t h a t  

t he  numbers a r e  matched wi th in  a  cons t an t  f a c t o r .  Data f o r  va r ious  m o d a l i t i e s  

matched a g a i n s t  handgrip a r e  shown i n  F igure  5 ;  t he  s t r a i g h t  l i n e s  a r e  those  

pred ic ted  from magnitude e s t ima t ion  d a t a .  
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Figure  5. Cross modal matches between f o r c e  of handgrip and n i n e  
o t h e r  cont inua .  (This i s  F ig .  1 of Stevens,  1966.) 



I hope t h a t  these  b r i e f  remarks a r e  s u f f i c i e n t  t o  convince you, f i r s t ,  

t h a t  a  number of r egu la r ,  r e a d i l y  reproduced funct ions  e x i s t  i n  psychophysics 

and, second, t h a t  a  parsimonious theory t o  account f o r  a l l  of them does not  

immediately come t o  mind. 

3. C l a s s i c a l  and Modern Psychophysical Theorizing 

We may convenient ly da te  the c l a s s i c a l  t r a d i t i o n  of t heo r i z ing  t o  

Fechner and the modern one to  World War II., The c l a s s i c a l  view holds t h a t  a  

r e l a t i v e l y  s t r a i g h t  forward r e l a t i o n  e x i s t s  between the  s i g n a l  input  and the  

response output ,  and the  t a sk  i s  t o  descr ibe  i t  compactly. Put another  way, 

the  whole organism i s  seen a s  a  sensory t ransducer ,  which one t r i e s  t o  de- 

s c r i b e  i n  such a  way t h a t  a  small s e t  of est imated parameters i s  s u f f i c i e n t  

t o  permit p red ic t ions  i n  a  wide v a r i e t y  of experiments involving the same s e t  

of s i g n a l s .  According t o  t h i s  d e f i n i t i o n ,  Stevens and most of those who have 

s tud ied  magnitude es t imat ion  a r e  i n  the  c l a s s i c a l  t r a d i t i o n ,  even though the 

method i s  r e l a t i v e l y  r e c e n t .  For t h i s  reason,  some tens ion  has ex is ted  be- 

tween t h i s  group and those i n  the modern t r a d i t i o n .  

Beginning with the  war per iod ,  t he  phys ica l  theory of s i g n a l  d e t e c t -  

a b i l i t y  (developed i n  connection with e l e c t r o n i c  de tec t ion  of a i r c r a f t  and 

sonar d e t e c t i o n  of sh ips )  was adapted and incorporated i n t o  psychophysics, 

with the main impact, during the 1950's  and e a r l y  601s ,  being due t o  Tanner 

and Swets (1954) and Green and Swets (1966). I t  e x p l i c i t l y  focused on the 

t radeoff  between e r r o r s ,  leading t o  an e l abora t e  experimental probing of these 

ideas .3  The theory,  even i n  i t s  s imples t  form, g ives  a  good account of detec-  

t i o n  and d i sc r imina t ion  d a t a ,  suggest ing t h a t  sub jec t s ,  r a t h e r  than ac t ing  as  

simple t ransducers ,  a r e  more l i k e  s t a t i s t i c i a n s  deciding between hypotheses on 

the  b a s i s  of imperfect  information. Considerably more than the t ransduct ion 

of s i g n a l s  i s  involved because response c r i t e r i a  a r e  sub jec t  t o  experimental 

manipulat ion independent of the s i g n a l .  The i n t e r p r e t a t i o n  i s  t h a t ,  i n  some 

manner, mot iva t ional  f a c t o r s  en te r ing  through the  i n s t r u c t i o n s ,  presenta t ion  

p r o b a b i l i t i e s ,  and information feedback determine the values se lec ted  f o r  the 

c r i t e r i a .  Thus, t he  major change from the  c l a s s i c a l  view i s  t h a t  responses 

depend not  only on the s i g n a l s ,  bu t  on the  s u b j e c t ' s  goa ls  a s  wel l .  It i s  

t r u e  t h a t  c l a s s i c a l  psychophysicis ts  were t o  a  degree aware of these  



motiva t iona l  fac tors - -severe  reprimands by s t e r n  p ro fe s so r s  had maintained low 

f a l s e  alarm r a t e s  among undergraduate subjec ts - -but  they d id  n o t  choose t o  

s tudy  o r  t heo r i ze  about t he  e r r o r  t radeoff  which they were manipulat ing.  I n  

p a r t i c u l a r ,  they were h igh ly  i n s e n s i t i v e  t o  t h e  f a c t  t h a t  the s lope  of t he  ROC 

curve i s  c l o s e  t o  i n f i n i t e  a t  a  low f a l s e  alarm p r o b a b i l i t y  (p ) To t h i s  
01 

day, much work i n  v i s i o n  cont inues t o  ignore the  ROC curve.  

I n  s p i t e  of i t s  continued widespread use and success ,  t he  theory of 

s i g n a l  d e t e c t a b i l i t y  has  t h ree  t e l l i n g  weaknesses. F i r s t ,  and i n  p r a c t i c e  

the  most damning, i s  t he  grave d i f f i c u l t y  t h e o r i s t s  have had i n  gene ra l i z ing  

i t  t o  des igns  involving more than two s i g n a l s .  The b a s i c  problem i s  t h a t  the 

simple numerical p a r t i t i o n  of  t he  two-signal case  g e n e r a l i z e s  t o  unspec i f ied  

reg ions  i n  (n-1)-dimensional space i n  t he  n - s igna l  case.  Second, a t  a  con- 

cep tua l  l e v e l  i t  i s  q u i t e  unc lear  how people a r e  supposed t o  accumulate t h e  

information they a r e  assumed t o  know about the  d i s t r i b u t i o n s  of l i ke l ihood  

r a t i o  under the two hypotheses.  I n t e r p r e t e d  l i t e r a l l y ,  a  person should no t  be 

ab l e  t o  d e t e c t  s i g n a l s  without  extended periods of p r a c t i c e  i n  a  psychophysical 

labora tory ,  which i s  absurd. And t h i r d ,  t he  theory lacks  any n a t u r a l  r o l e  f o r  

time i n  making psycholophysical judgments. The only proposal  i s  t h a t  sampling 

sensory information r e q u i r e s  a  quantum of t ime, and repea ted  samples a r e  taken 

u n t i l  a  Wald-type dec i s ion  c r i t e r i o n  i s  met (Audley and Pike,  1965; Laming, 

1968; Stone, 1960).  Although some d a t a  support  t h i s  gene ra l  view of a  v a r i -  

ab l e  dec i s ion  time, t h e r e  i s  no s t rong  empi r i ca l  support  f o r  the idea  of a  

n a t u r a l  quantum of time. P a r t  of t he  d i f f i c u l t y  i s  t h a t  some d a t a  r e q u i r e  

the quantum be no more than a  mi l l i second o r  two, whereas o t h e r s  suggest  t h a t  

something of the order  of 100 msec would be n a t u r a l .  

A fundamental f e a t u r e  of t h i s  modern approach i s  the  d i v i s i o n  of t h e  

problem i n t o  two pa r t s - -  the sensory t ransduct ion  i n t o  a  h y p o t h e t i c a l  i n t e r n a l  

r e p r e s e n t a t i o n  of the s i g n a l  ( l i ke l ihood  r a t i o )  followed by a  dec i s ion  pro- 

cedure which accepts  t h i s  r ep re sen ta t ion  a s  one input  and some of t he  motiva- 

t i o n a l  f e a t u r e s  of t he  design a s  another  input  which a r e  then combined through 

a  dec i s ion  r u l e  t o  s e l e c t  a  response. 

A development from another  quarter--neurophysiology--meshes n e a t l y  i n t o  

t h i s  po in t  of view. In  the e a r l y  1940's (Galambos and Davis, 1943) and much 

more i n t e n s i v e l y  r e c e n t l y  (Kiang, 1965, 1968; Rose, Brugge, Anderson, and Hind, 



1967) r e c o r d i n g s  have been made on s i n g l e  p e r i p h e r a l  a u d i t o r y  n e r v e  f i b e r s  of 

c a t s  and monkeys under a  v a r i e t y  of s t i m u l a t i n g  c o n d i t i o n s .  I n  b r i e f ,  t h e  

message i s  t h a t  t h e  t r a n s d u c t i o n  e f f e c t e d  by t h e  e a r  i s  w i l d l y  n o n l i n e a r  and,  

a l t h o u g h  m o d e r a t e l y  s imple  i n  i t s  way, t h e r e  i s  l i t t l e  l i k e l i h o o d  t h a t  we could  

have i n f e r r e d  i t  from o v e r a l l  psychophys ica l  d a t a - - a t  l e a s t  no one d i d .  These 

p h y s i o l o g i c a l  d a t a  s u g g e s t  a  somewhat d i f f e r e n t  s t r a t e g y  f o r  psychophys ica l  

t h e o r i z i n g ,  namely a c c e p t  t h e  n e u r o p h y s i o l o g i s t s '  d e s c r i p t i o n  o f  t h e  r e c o r d i n g  

of t h e  s i g n a l  i n t o  t h e  language of p u l s e s  i n  t h e  ne rvous  sys tem,  and t h e n  con- 

s i d e r  what t h e  c e n t r a l  ne rvous  sys tem (CNS) does  f u n c t i o n a l l y  a s  a  d e c i s i o n  

d e v i c e  o p e r a t i n g  on t h i s  i n f o r m a t i o n .  Given t h e  r e c o d i n g ,  o r  more a c c u r a t e l y  

a  model of i t  sugges ted  by t h e  d a t a ,  o u r  problem i s  t o  guess  a t  s imple  d e c i s i o n  

r u l e s  t h a t  a r e  adequa te  t o  account  f o r  t h e  range of psychophys ica l  d a t a .  Th i s  

i s  t h e  s t r a t e g y  pursued d u r i n g  t h e  p a s t  10 y e a r s  by s e v e r a l  p e o p l e ;  perhaps  t h e  

most s i g n i f i c a n t  p a p e r s  a r e  Green and Luce, 1971, 1973a; Luce and Green, 1972; 

McGill ,  1963, 1967; S i e b e r t ,  1965, 1968, 1970. 

What s u r p r i s e s  d i d  t h e s e  p h y s i o l o g i c a l  d a t a  ho ld?  There were s e v e r a l , .  

some hav ing  t o  do w i t h  i n t e n s i t y ,  some w i t h  f requency ,  and some, n o t  f u l l y  i n ,  

w i t h  combinat ions  of t o n e s .  Here  I s h a l l  f o c u s  on ly  on i n t e n s i t y .  One way of  

d e s c r i b i n g  t h e s e  d a t a  i s  t o  s a y  t h a t  t h e  n e u r a l  p u l s e  t r a i n s  a r e  p o i n t  e v e n t s  

from a  s t o c h a s t i c  p r o c e s s  i n  t ime ,  whose paramete rs  a r e  c o n t r o l l e d  by t h e  

s i g n a l .  Even i f  t h e s e  pa ramete rs  change i n s t a n t a n e o u s l y  w i t h  changes i n  t h e  

s i g n a l ,  i t  t a k e s  t ime  t o  accumulate  enough p u l s e s  f o r  t h e  CNS t o  r e a l i z e  t h i s .  

Moreover, t h e  pa ramete rs  a r e  such t h a t  t h e  f i r i n g  r a t e  on a  s i n g l e  f i b e r  r e -  

mains a t  i t s  (non-zero)  r e s t i n g  l e v e l  up t o  some i n t e n s i t y  ( t h i s  v a l u e  depends 

on t h e  f requency  o f  t h e  s i g n a l )  a t  which p o i n t  i t  i n c r e a s e s  by a  f a c t o r  of 

from 2  t o  1 0  o v e r  an i n t e n s i t y  change of two t o  t h r e e  o r d e r s  of magnitude 

(20-30 dB), a f t e r  which i t  m a i n t a i n s  a  n e a r l y  c o n s t a n t  r a t e .  Although t h e r e  

do n o t  y e t  e x i s t  p h y s i o l o g i c a l  d a t a  t o  s u p p o r t  i t ,  t h i s  s u g g e s t s  t h a t  t h e  f u l l  

dynamic range of 12-14 o r d e r s  of magnitude i s  shared  by a  number of f i b e r s  

which,  a s  a  bundle ,  c o n s t i t u t e  a  s i n g l e  ~ h a n n e l . ~  We s h a l l  assume t h a t  such 

a  channe l  e x i s t s  f u n c t i o n a l l y  and t h a t  i t ,  i n  e f f e c t ,  h a s  a  dynamic range  of 

between two and t h r e e  o r d e r s  of magnitude.  T h i s  p o s t u l a t e  i s  d i s t i n c t l y  

h y p o t h e t i c a l  a t  p r e s e n t .  Note t h a t  t h e  t r a n s d u c t i o n  from i n t e n s i t y  i n t o  

n e u r a l  p u l s e s  i n c l u d e s  a  s imple  n o n l i n e a r i t y ,  namely, t h a t  t h e  r a t e  i s  a  non- 

l i n e a r  f u n c t i o n  o f  i n t e n s i t y  (approx imate ly ,  a  power f u n c t i o n ,  s e e  S e c t i o n s  5  

and 6 )  and i t  i n c l u d e s  a  much m e s s i e r  one,  name,ly, t h a t  t h e  o b s e r v a b l e  i s  n o t  



t h e  i n s t a n t a n e o u s  r a t e ,  b u t  a  d i s c r e t e  sequence of p u l s e s .  

I n  a d d i t i o n  t o  t h e  p a r t i a l  r e p r e s e n t a t i o n  o f  i n t e n s i t y  on i n d i v i d u a l  

ne rve  f i b e r s ,  i n t e n s i t y  i s  a l s o  r e p r e s e n t e d  a c r o s s  f i b e r s  s i n c e  t h e  t o t a l  num- 

b e r  of a c t i v e  f i b e r s  i n c r e a s e s  w i t h  i n t e n s i t y  ( s e e  4 ) .  Thus, two extreme 

p o s t u l a t e s  s u g g e s t  themselves .  One, known a s  a  p l a c e  t h e o r y ,  assumes t h a t  t h e  

r a t e  i n f o r m a t i o n  provided by i n d i v i d u a l  f i b e r s  i s  ignored excep t  t o  d e c i d e  

whether o r  n o t  a  f i b e r  i s  a c t i v e  and i t  i s  s imply t h e  t o t a l  number ( o r ,  p e r -  

h a p s ,  s e t )  of a c t i v e  f i b e r s  t h a t  c a r r i e s  i n t e n s i t y  i n f o r m a t i o n .  The o t h e r  

extreme,  sometimes known a s  a  f requency ,  p e r i o d i c i t y ,  o r  b e t t e r ,  temporal  

t h e o r y ,  assumes t h a t  t h e  p u l s e  r a t e  on s i n g l e  f i b e r s  c a r r i e s  t h e  i n t e n s i t y  

in format ion  and t h e  o n l y  r o l e  of t h e  many a c t i v e  f i b e r s  i s  t o  b u i l d  up 

channe l s  t o  cover  t h e  f u l l  dynamic range  and t o  i n c r e a s e  t h e  t o t a l  sample s i z e  

t h a t  can b e  ob ta ined  i n  a  b r i e f  t ime.  Obviously ,  mixes of t h e s e  two t h e o r i e s  

a r e  a l s o  p o s s i b l e .  

I do n o t  know of any d e c i s i v e  argument t o  s e l e c t  between them, a l t h o u g h  

t o  my mind c e r t a i n  weak arguments t end  t o  favor  t h e  temporal  view. I n  p a r t i c u -  

l a r ,  t h e r e  i s  no very  n a t u r a l  way i n  t h e  p l a c e  t h e o r y  t o  account  f o r  t h e  l a r g e  

changes i n  response  t ime w i t h  i n t e n s i t y ,  whereas t h e r e  i s  ( s e e  t h e  n e x t  s e c -  

t i o n )  i n  t h e  temporal  one. I n  any e v e n t ,  I s h a l l  pursue  t h e  t empora l  t h e o r y  

h e r e .  

4.  Counting and Timing Models 

According t o  t h e  temporal  view, t h e n ,  whenever we a s k  t h e  s u b j e c t  t o  

make judgments about  t h e  i n t e n s i t y  of s i g n a l s ,  t h i s  i s  t r a n s l a t e d  by t h e  CNS 

i n t o  q u e s t i o n s  about e s t i m a t e s  of r a t e s  from a  number of p a r a l l e l  channe l s .  

So fundamental ly  t h e  problem i s  reduced t o  one of e s t i m a t i n g  r a t e s  from a  

sample of a  s t o c h a s t i c  p r o c e s s .  Our d i s c u s s i o n  of how t h i s  may be  done f o l l o w s  

Luce and Green (1972) and Green and Luce (1973b).  

The problem faced  by t h e  CNS i s  analogous t o  t h a t  of a  committee s t a n d i n g  

on t h e  overpass  of a  highway w i t h  J l a n e s ,  charged w i t h  d e t e c t i n g ,  r a p i d l y  
5  

and a c c u r a t e l y ,  changes i n  t h e  r a t e  of t r a f f i c  f low.  Suppose t h a t  t h e  r a t e  

i n  each l a n e  can v a r y  from about  one p e r  second (which would occur  w i t h  t r a f f i c  

f lowing a t  60 mph and spaced a t  88 f t . )  t o  one e v e r y  15 m i n u t e s .  Th i s  r a n g e  

of two o r d e r s  of magnitude i s  comparable t o  our  e s t i m a t e s  of t h e  range  handled 



by a  n e u r a l  c h a n n e l ,  b u t  t h e  a b s o l u t e  r a t e s  a r e  abou t  1000 t imes  f a s t e r - - f r o m  

1000 p e r  s e c  t o  10  p e r  s e c ,  o r  even l e s s .  How should t h e  committee proceed? 

The most obvious  way i s  t o  g e n e r a l i z e  t h e  u s u a l  method o f  e s t i m a t i n g  a  

h e a r t  r a t e :  a l l o c a t e  t o  each person  a s  many l a n e s  a s  h e  can  m o n i t o r  and have 

him count  t h e  number o f  c a r s  t h a t  p a s s  i n  each d u r i n g  a  f i x e d  per iod  of t ime 

and submit t h e s e  numbers t o  t h e  chairman,  who then e s t i m a t e s  t h e  r a t e  by c a l -  

c u l a t i n g  t h e  average  c o u n t - t o - t i m e  r a t i o  p e r  l a n e .  When t h e  r a t i o  i n  two 

s u c c e s s i v e  t ime  i n t e r v a l s  d i f f e r s  enough, h e  conc ludes  t h a t  t h e r e  h a s  been a  

change i n  r a t e .  We c a l l  t h i s  a  c o u n t i n g  p rocedure  because  t h e  random v a r i a b l e  

observed i s  t h e  coun t  ob ta ined  i n  a  f i x e d  p e r i o d  of  t ime.  The d i f f i c u l t y  w i t h  

t h i s  approach i s  t h a t  t h e  problem i n  q u e s t i o n  i s  n o t  r e a l l y  comparable t o  

h e a r t  r a t e s ,  which d i f f e r  by a t  most a  f a c t o r  of 3 ,  n o t  100.  When t h e  r a n g e  

i s  s o  l a r g e ,  no s i n g l e  c h o i c e  of  a  t ime seems a p p r o p r i a t e .  I f  one chooses  a  

s h o r t  t ime ,  t h e  e s t i m a t e s  f o r  s low r a t e s  d e g e n e r a t e ;  i f  one chooses  a  long 

t ime ,  t h e  e s t i m a t e s  f o r  f a s t  r a t e s  a r e  o v e r l y  good and t e r r i b l y  slow. A f i x e d  

t ime and a  l a r g e  range  a u t o m a t i c a l l y  produces  no v a r i a t i o n  i n  response  t ime ,  

b u t  a  l a r g e  v a r i a t i o n  i n  sample s i z e  and s o  i n  t h e  q u a l i t y  o f  t h e  e s t i m a t e .  

T h i s  s u g g e s t s  h o l d i n g  t h e  sample s i z e  more n e a r l y  f i x e d  by f i x i n g  t h e  

s i z e  of t h e  coun t  t o  be  o b t a i n e d  from each l a n e  and s imply r e c o r d i n g  t h e  t ime 

i t  t a k e s  t o  g e t  t h a t  c o u n t ,  and t h i s  t ime i s  r e p o r t e d  t o  t h e  chairman. We c a l l  

t h i s  a  t i m i n g  p rocedure  because  t h e  observed random v a r i a b l e  i s  t h e  t ime r e -  

q u i r e d  t o  a c h i e v e  a  f i x e d  c o u n t .  Such a  r u l e  h a s  t h e  c l e a r  v i r t u e  o f  ex- 

h i b i t i n g  one q u a l i t a t i v e  f e a t u r e  of  t h e  d a t a  n o t  c a p t u r e d  by t h e  c o u n t i n g  r u l e ,  

namely, t h a t  r e s p o n s e s  t o  s low r a t e s  a r e  slow and t o  f a s t  ones ,  f a s t .  

Although t h e s e  d a t a  c l e a r l y  f a v o r  a  t iming  procedure  over  a  c o u n t i n g  one,  

one wonders i f  t h e r e  may n o t  be  c i r c u m s t a n c e s  when t h e  c o u n t i n g  r u l e  i s  used.  

One argument f o r  s u s p e c t i n g  t h a t  t h i s  may be p o s s i b l e  i s  t h e  f a c t  t h a t  t o  make 

a  t iming  e s t i m a t e  t h e  CNS n e e d s ,  f u n c t i o n a l l y ,  t o  b e  a b l e  t o  c o u n t ,  t o  t ime ,  

and t o  d i v i d e ;  however, w i t h  a l l  t h r e e  of t h e s e  a b i l i t i e s  a v a i l a b l e ,  i t  should 

be  a b l e  t o  i n s t i t u t e  a  c o u n t i n g  r u l e  when t h a t  i s  a p p r o p r i a t e .  The o n l y  prob-  

lem, i t  seems, is  t o  m o t i v a t e  t h e  s u b j e c t  s u f f i c i e n t l y  t o  r e l i n q u i s h  t h e  u n i -  

form q u a l i t y  of e s t i m a t e s  f o r  a l l  i n t e n s i t i e s .  One way t o  do t h i s  i s  t o  make 

i t  expens ive  f o r  t a k i n g  a  long t ime i n  r e a c h i n g  a  d e c i s i o n ,  which he  w i l l  tend 

t o  do f o r  weak s i g n a l s  (s low n e u r a l  p u l s e  r a t e s )  when u s i n g  a  t iming  r u l e .  Of 

c o u r s e ,  i t  i s  p o s s i b l e  t h a t  t h e  b r a i n  i s  so  i n f l e x i b l y  wired t h a t  on ly  t h e  



t iming r u l e  i s  a v a i l a b l e ;  i f  n o t ,  however, p e n a l t i e s  f o r  slow responses  should 

e f f e c t  a  swi tch .  

The nex t  ques t i on  i s  whether we have any chance of observing a  behav io ra l  

d i f f e r e n c e .  Here,  f i n a l l y ,  we must invoke some mathematics.  Consider t he  f o l -  

lowing experimental  des ign .  There a r e  two tones ,  0 and 1, which d i f f e r  only i n  

i n t e n s i t y ,  1 being more i n t e n s e  than  0. On each t r i a l ,  e x a c t l y  one i s  p r e -  

s en t ed ,  t he  schedule  being random, b u t  equa l ly  probable .  A s i g n a l  i s  continued 

u n t i l  t h e  s u b j e c t  responds by i d e n t i f y i n g  which he t h i n k s  i t  i s ,  a f t e r  which 

t h e r e  i s  feedback a s  t o  t h e  accuracy of h i s  response and t h e  payoff he i s  t o  

r ece ive .  The accuracy payoff o  i s  a  sum of money f o r  response  j  t o  
i j  

p r e s e n t a t i o n  i ;  i t  i s  p o s i t i v e  when i = j  and nega t ive  when i # j ;  vary- 

ing t h e  va lues  o  i s  one way t o  gene ra t e  an empi r i ca l  ROC curve.  The dead- 
i j  

l i n e  payoff i s  simply a  f i n e  (with no payment f o r  accuracy)  whenever a  response  

i s  slower than t h e  dead l ine .  

A t  a  t h e o r e t i c a l  l e v e l ,  l e t  us  suppose t h a t  when a  s i g n a l  i s  p re sen t ed ,  

t h e r e  a r e  i d e n t i c a l  renewal processes  on each of t h e  J channels .  By a  

renewal process  i s  meant a  p o i n t  p rocess  i n  time such t h a t  t he  t ime between 

succes s ive  p o i n t s - - i n t e r a r r i v a l  t imes (UT) - - a r e  independent ly  and i d e n t i c a l l y  

d i s t r i b u t e d .  The b e s t  known example i s  t he  Poisson process  i n  which the  d i s -  

t r i b u t i o n  of IATs i s  exponent ia l ;  i t  i s  t he  model of pure temporal u n c e r t a i n t y ,  

somewhat analogous t o  a  uniform d i s t r i b u t i o n  i n  the  f i n i t e  c a s e .  Obviously,  

t h e  model i s  a l r eady  h igh ly  i dea l i zed  s i n c e  a l l  of t h e  channels  a r e  assumed t o  

be s t a t i s t i c a l l y  i d e n t i c a l ,  which i s  no t  t r u e  of t h e  f i b e r s .  Denote by 
Mi 

and Vi the  mean and va r i ance  of  the  d i s t r i b u t i o n  c h a r a c t e r i z i n g  the  renewal 

process  f o r  s i g n a l  i, and suppose t h a t  M > M1 ( t h e  more i n t e n s e  s i g n a l  
0 

has  t he  h igher  r a t e )  and t h a t  

V and M ~ / v ~  a r e  bo th  s t r i c t l y  i nc reas ing  func t ions  of M 
i i (1)  

(This i s  obviously t r u e  i n  t he  Poisson case  s i n c e  
i 

= 2 .  ) I f  a  count ing  
1 

r u l e  i s  used,  we assume a  f i xed  time 6  (which, however, i s  some func t ion  of  

t h e  dead l ine  imposed and s o  can be manipulated exper imenta l ly )  du r ing  which a  

count i s  observed. I f  a  t iming r u l e  i s  used,  we assume a  f i x e d  count K + 1 

per channel dur ing  which the  time f o r  X; U T s  i s  observed. The d e c i s i o n  must 

r e s t  e i t h e r  on the  random v a r i a b l e  , which i s  the  t o t a l  count  over t he  J 

channels  observed i n  time 6, o r  t h e  random v a r i a b l e  , which i s  t h e  t o t a l  

time f o r  X; U T s  summed over  J channels .  Since t h e  mean time between pu l se s  



i s  smal le r  f o r  t h e  more i n t e n s e  s i g n a l ,  i t  corresponds t o  a  l a r g e r  count and a  

smal le r  o v e r a l l  t ime. So p l a u s i b l e  d e c i s i o n  r u l e s  (which have been shown i n  

the  theory of s i g n a l  d e t e c t a b i l i t y  t o  f u l f i l l  va r ious  cond i t i ons  of op t ima l i t y )  

a r e  t o  e s t a b l i s h  c r i t e r i a ,  dependent upon t h e  payoff s t r u c t u r e ,  and t o  respond 

t h a t  t he  more i n t e n s e  s i g n a l  was presented whenever e i t h e r  the  count exceeds 

i t s  c r i t e r i o n  o r  t h e  t o t a l  time i s  l e s s  than i t s  c r i t e r i o n ,  depending on which 

r u l e  i s  i n  use .  

Assuming t h a t  i s  so ,  l e t  us  de r ive  the  form of the  ROC curve i n  each 

case .  F i r s t ,  t he  counting r u l e .  We invoke t h e  fol lowing well-known c e n t r a l  

l i m i t  theorem ( F e l l e r ,  1966, p.  359): i n  a  renewal process  wi th  E(IAT) = M 

and V(IAT) = V ,  t h e  number of counts  N(T) observed i n  time T i s  
3 a sympto t i ca l ly  normally d i s t r i b u t e d  wi th  mean T / M  and va r i ance  T V / M  , i . e . ,  

L d 
where 

Assuming t h a t  J6 = T i s  s u f f i c i e n t l y  l a rge  f o r  t h i s  approximation t o  be 

good, we s e e  t h a t  wi th  a  c r i t e r i o n  c ,  we may w r i t e  

where 

i s  the  normal d e v i a t e  corresponding t o  the  p r o b a b i l i t y  p i l '  
Frequent ly i t  i s  

convenient t o  r e p r e s e n t  a  p r o b a b i l i t y  i n  terms of i t s  normal d e v i a t e ,  

e s p e c i a l l y  when, a s  i n  t h i s  case ,  two d e v i a t e s  a r e  l i n e a r  func t ions  of one 

another  s i n c e ,  by e l imina t ing  c ,  we o b t a i n  

as  our express ion  f o r  t h e  ROC curve.  By assumption 1, t h e  s lope  of t h i s  
1 /2  

curve i s  l e s s  than 1; i n  t he  Poisson case  i t  i s  (M1/MO) . 



For  t h e  t iming  model, t h e  argument i s  s i m i l a r ,  b u t  i s  based on the 
c e n t r a l  l i m i t  theorem ( F e l l e r ,  1966, p .  253) ,  which f o r  a  renewal  p r o c e s s  

w i t h  E(IAT) = M and V(IAT) = V a s s e r t s  t h a t  t h e  t o t a l  t ime r e q u i r e d  

t o  accumulate  & IATs i s  a s y m p t o t i c a l l y  normal ly  d i s t r i b u t e d  w i t h  mean 4J4 

and v a r i a n c e  GV, i. e .  , 

Taking = a, we f i n d  immediately t h a t  t h e  ROC c u r v e  i s  g i v e n  by 

which a g a i n  i s  a  s t r a i g h t  l i n e .  By assumption 1, i t  h a s  a  s l o p e  g r e a t e r  t h a n  

1, e q u a l  t o  MO/M1 i n  t h e  Po i sson  c a s e .  Thus, t h e  s l o p e  o f  t h e  ROC c u r v e  i s  

a  c l e a r  c r i t e r i o n  a s  t o  which procedure  i s  i n  use .  

A second c r i t e r i o n  c a n  b e  found by l o o k i n g  a t  t h e  r e s p o n s e  t imes .  These 

t imes  a r e  t h e  sum of two p a r t s :  t h a t  t aken  up accumulat ing i n f o r m a t i o n  abou t  

t h e  s i g n a l ,  c a l l e d  t h e  d e c i s i o n  t ime ,  and a l l  o t h e r  t imes ,  i n c l u d i n g  t h o s e  f o r  

computat ions ,  t r a n s m i s s i o n s ,  muscle  movements, e t c . ,  c a l l e d  t h e  r e s i d u a l  t ime .  

Let t h e  mean o f  t h e  r e s i d u a l  t ime b e  denoted by T;  t h e n  f o r  t h e  c o u n t i n g  

model t h e  mean response  t ime  f o r  s i g n a l  i and r e s p o n s e  j i s  

The p r e d i c t i o n  i s  t h a t  i t  i s  independent  of i and j ;  indeed ,  i f  t h e  d e c i -  

s i o n  and r e s i d u a l  t imes  a r e  independen t ,  i t  i s  n o t  j u s t  t h e  mean, b u t  t h e  

whole d i s t r i b u t i o n  t h a t  i s  p r e d i c t e d  t o  b e  independent  of i and j .  I n  t h e  

t iming  model, t h e  d e c i s i o n  t ime i s  more compl ica ted  because  i t  i s  de te rmined  

by t h e  s l o w e s t  of t h e  J channe l s  t o  observe  SI IATs. Denote by h ( J , K , o )  
2  

t h e  mean of t h i s  t ime when t h e  renewal  p r o c e s s  h a s  mean 1 and v a r i a n c e  o . 
Then, f o r  a  p r o c e s s  w i t h  mean M and v a r i a n c e  V i ,  

i 

I n  t h e  Po i sson  c a s e ,  v ~ / ~ / M .  = 1, and s o  f o r  i t  and any o t h e r  c a s e  i n  which 
1 1 

t h i s  r a t i o  i s  n e a r l y  c o n s t a n t  we may e l i m i n a t e  h  and w r i t e  



where we have dropped t h e  response  s u b s c r i p t  j s i n c e ,  by Equat ion 10, it does  

n o t  m a t t e r .  So,  a s  we va ry  t h e  d e a d l i n e ,  we should f i n d  a  l i n e a r  r e l a t i o n  be- 

tween t h e  mean response  t imes ;  moreover, t h e  s l o p e  should be  i d e n t i c a l  t o  t h a t  

of t h e  cor responding  ROC curve .  

Green and Luce (1973a) r a n  t h r e e  obse rve r s  i n  such an experiment u s ing  

a f a i n t  1000 Hz tone i n  n o i s e  f o r  1 and n o i s e  a l one  (0 i n t e n s i t y  s i g n a l )  f o r  0 .  

The d e s i g n  was a s  d e s c r i b e d ,  w i t h  d e a d l i n e s  vary ing  from 250 msec t o  2000 msec. 

When t h e  d e a d l i n e  app l i ed  t o  a l l  t r i a l s ,  t h e  mean response  t ime was t h e  same i n  

a l l  f o u r  c e l l s  excep t  f o r  t h e  two l o n g e s t  d e a d l i n e s ,  where t h e r e  was some tend- 

ency f o r  t h e  s i g n a l  t r i a l s  t o  b e  s lower  t han  t h e  n o i s e  ones ;  we r e t u r n  t o  t h i s  

d i s c r epancy  below. The ROC d a t a  (F igure  1) were w e l l  f i t  by s t r a i g h t  l i n e s  

w i th  e s t ima t ed  s l o p e s  o f  0.92,  0.90,  and 0 .69,  a l l  s uppo r t i ng  t h e  count ing  

model. When t h r e e  o t h e r  obse rve r s  were run  i n  e x a c t l y  t h e  same experiment 

excep t  t h a t  t h e  d e a d l i n e  a p p l i e d  on ly  t o  s i g n a l  t r i a l s ,  bo th  t h e  MRT and ROC 

d a t a  were w e l l  approximated by s t r a i g h t  l i n e s  and t h e  p a i r s  of e s t ima t ed  s l o p e s  
% 

were 

1 .34 ,  1 .30;  1 .48 ,  1 .47 ;  and 1 .38,  1.37.  

The t iming model was c l e a r l y  suppor ted .  

A s t r i k i n g  way t o  show up t h e  d i f f e r e n c e s  between t h e  models and between 

t h e s e  two s e t s  o f  d a t a  i s  a s  a  t r a d i n g  r e l a t i o n  between speed and accuracy.  A 

ve ry  common measure o f  accuracy ,  suggested by  t h e  t heo ry  of s i g n a l  d e t e c t -  

a b i l i t y ,  i s  t o  compute t h e  v a l u e  of z 
1 ' c a l l e d  d  ' , cor responding  t o  

z = 0. For t h e  count ing  model, Equat ion 6  y i e l d s  
0  

and f o r  t h e  t im ing  model Equa t ion  8  y i e l d s  

where 

E l i m i n a t i n g  6 between Equa t ions  9 and 12 y i e l d s  



MRT F 

( d l )  = 

f o r  t he  speed-accuracy t r a d e  i n  the  count ing model. 

For t h e  t iming model, Equat ion 10 must be  developed more f u l l y  be fo re  we 

can e l i m i n a t e  K .  I f  we l e t  denote  the  d i s t r i b u t i o n  of t h e  K IATs, 
K - - 

then by d e f i n i t i o n  
J-1 

h ( J , K , ~ ) = J ~ ~ x ~ K ( x ) ~ ~ K ( ~ ) d y ]  dx. 

Assuming t h a t  i s  approximately normal, which f o r  K S 5 i s  n o t  a  bad 
K 

approximation i n  t he  Poisson ca se ,  i t  fo l lows  r e a d i l y  t h a t  

where H(J)  i s  t h e  mean of the  l a r g e s t  of J random v a r i a b l e s  d i s t r i b u t e d  

( 0 ,  I f  we s u b s t i t u t e  t h i s  i n t o  Equation 1 0  and in t roduce  t h e  v a r i a b l e  

and t h e  cons t an t  

then e l imina t ing  K between Equation 10 and Equation 12 y i e l d s  the  speed- 

accuracy t r a d e  

Three q u a l i t a t i v e  d i f f e r e n c e s  can b e  seen by comparing Equat ions 15  and 

16. F i r s t ,  the  l a s t  po in t  f o r  which d l  = 0 i s  l a r g e r  i n  the  t iming model 

than i n  the  count ing one by the  amount M.  + v ' / ~ H ( J ) .  Second, because the 
I. i 

times MRTl and MRT2 a r e  d i f f e r e n t  i n  t h e  t iming model, t h e r e  a r e  two 

t r a d i n g  r e l a t i o n s .  Third,  t he  i n i t i a l  s l opes  of  Equation 16 ( t iming)  a r e  

g r e a t e r  than t h a t  of Equation 15 (count ing)  by f a c t o r s  (MO/M1) and 

MO/M1. F igure  6  shows the  d a t a  p l o t t e d  i n  t h i s  way, w i th  t he  d a t a  f o r  t h e  

observers  combined i n  t h e  f i r s t  experiment and separa ted  f o r  c l a r i t y  i n  t h e  
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Figure 6 .  P l o t s  of d '  versus MRT f o r  two experimental condi t ions  
(see t e x t ) .  This  i s  Fig.  11 of Green and Luce, 1973a. ) 

second one. We see  t h a t  t he  q u a l i t a t i v e  p red ic t ions  a r e  sus ta ined .  I n  f a c t ,  

the  growth of the  func t ion  i n  t he  second experiment i s  so  much more rap id  than 

i n  the  f i r s t  t h a t  the accuracy a t  long deadl ines  i s  considerably g r e a t e r  using 

the timing r u l e  than the  counting one. The evidence sugges ts  t h a t  two of the  

t h r e e  observers  r e a l i z e d  t h i s  and switched t o  t iming behavior  f o r  the long 

deadl ines ,  thus  producing the  discrepancy i n  t imes mentioned e a r l i e r .  

Whether o r  n o t  one t akes  s e r i o u s l y  the  t h e o r e t i c a l  i n t e r p r e t a t i o n  given 

these  d a t a ,  two p o i n t s  a r e  worth not ing .  F i r s t ,  t he  theory led t o  running the  



experiment. Second, t he  daEa make i t  unambiguously c l e a r  t h a t  d i f f e r e n t  con- 

t r o l s  on the  s u b j e c t ' s  timing of h i s  responses make f o r  r a t h e r  d i f f e r e n t  r e s u l t s  

about the  ROC curves and the  speed-accuracy t r a d e o f f .  Although experimenters  

have f o r  a  number of years  taken ca re  t o  c o n t r o l  and r e p o r t  s i g n a l  du ra t ions ,  

f o r  t h e i r  values can a f f e c t  t he  r e s u l t s ,  the d a t a  discussed above s t rong ly  sug- 

g e s t  t h a t  such c o n t r o l  may not  be s u f f i c i e n t  t o  encompass the  temporal s u b t l e -  

t i e s  involved. One must keep i n  mind t h a t  a t  l e a s t  two modes of behavior  a r e  

ava i l ab le ,  and one must seek experimental des igns  t h a t  e l i c i t  the  one d e s i r e d .  

5 .  Absolute I d e n t i f i c a t i o n  and Magnitude Est imation 

This and the  next  s ec t ion  i l l u s t r a t e  some of t h e  d i f f i c u l t i e s  encountered 

by t h i s  theory.  Those described i n  the  present  s e c t i o n  a r e  e n t i r e l y  conceptual ,  

whereas those i n  t h e  next  a r e ,  a t  t h i s  s t age ,  p r imar i ly  t echn ica l .  

Both absolu te  i d e n t i f i c a t i o n  (AI) and magnitude e s t ima t ion  (ME) exper i -  

ments involve the  p resen ta t ion  on each t r i a l  of j u s t  one of n  s i g n a l s ,  with 

the sequence of p re sen ta t ions  being random and equiprobable.  ( I n  much of t h e  

ME l i t e r a t u r e ,  t he  s i g n a l s  a r e  only repeated a  few times and t h e  d a t a  a r e  aver- 

aged over observers ,  but  h e r e  we w i l l  consider  only the  d a t a  from ind iv idua l  

observers  with each s i g n a l  being presented r epea ted ly . )  Assuming t h a t  t he  

s i g n a l s  vary only i n  one phys ica l  dimension--say i n t e n s i t y  o r  frequency--the 

observer may at tempt t o  i d e n t i f y  abso lu te ly  each p resen ta t ion ,  u s u a l l y  by asso-  

c i a t i n g  the in t ege r s  1, 2 ,  . n  with the  ascending sequence of s i g n a l s .  I n  

ME t he  observer i s  f r e e  t o  a s soc ia t e  any p o s i t i v e  number (usua l ly  l imi ted  t o  

r a t i o n a l s  o r  some r e s t r i c t e d  decimal r ep resen ta t ion )  t o  each p resen ta t ion ,  but  

subjec t  t o  the  r eques t  t h a t  h i s  assignments preserve  h i s  sense of t h e  subjec-  

t i v e  r a t i o s  among the  s i g n a l s .  

It has been known f o r  a  long time ( the  e a r l i e s t  s tudy was probably Pollack,  

1952) t h a t  w i th  10 o r  more s i g n a l s  t he  p robab i l i t y  of a  c o r r e c t  i d e n t i f i c a t i o n  

i n  the A 1  experiment i s  approximately independent of t he  range of t h e  s i g n a l s  so  

long a s  i t  exceeds some minimum value.  For i n t e n s i t y  of 1000 Hz tones,  t h e  min- 

imum range i s  about 20 dB. Put another  way, then,  increas ing  the  sepa ra t ion  be- 

tween successive s i g n a l s  from 2  d B  t o  6 dB has  v i r t u a l l y  no e f f e c t  on t h e  proba- 

b i l i t y  of c o r r e c t l y  iden t i fy ing  them, provided t h e r e  a r e  enough s i g n a l s .  Of 

course, when the re  a r e  only two s i g n a l s  t o  be i d e n t i f i e d ,  such a  change a l t e r s  

the p robab i l i t y  from somewhat above chance (112) t o  v i r t u a l l y  p e r f e c t  (1 ) .  



response.  A prime added t o  any symbol simply r e f e r s  t o  t h e  t r i a l  preceding 

the  one f o r  which an unprimed symbol i s  used. Our response hypothes is ,  then,  

i s  simply 

By elementary d i s t r i b u t i o n  arguments, we s e e  t h a t  

where 

Equation 18 i s  the  be t a  d i s t r i b u t i o n  of t h e  second kind.  I t s  mean m and 
2 

var iance  a a r e  r e a d i l y  c a l c u l a t e d ,  from which 

Observe t h a t  the r i g h t  s i d e  i s  independent of t h e  r a t e  parameters  p and p ' ,  

bu t  s ince  k = JX may depend on i n t e n s i t y  (through J )  t h e  r a t i o  can s t i l l  

be a func t ion  of i n t e n s i t y .  

In  d a t a  from s e v e r a l  observers  who responded s e v e r a l  hundred t imes t o  

each of 20 s i g n a l s  spaced equa l ly  i n  dB over a 50 dB range, f o r  any given 

i n t e n s i t y  r a t i o  (equal dB d i f f e r e n c e )  t h e r e  i s  no evidence t h a t  o/m changes 

g r e a t l y  a s  t h e  abso lu t e  l e v e l  of i n t e n s i t y  changes. This sugges ts  t h a t  J 

i s  nea r ly  independent of i n t e n s i t y  and s o  k 2 k ' .  For each i n t e n s i t y  r a t i o  

we the re fo re  average a l l  of the d a t a  over t he  d i f f e r e n t  l e v e l s  of i n t e n s i t y ,  

ob ta in ing  f o r  one observer  the  p l o t s  of m and o/m versus  i n t e n s i t y  shown 

i n  Figure 7. The f i r s t  t h ing  t o  no te  i s  t h a t  m grows approximately a s  a 

power func t ion  of i n t e n s i t y ,  which i f  t he  sample s i z e  i s  independent of i n -  

t e n s i t y  means t h a t  p a l s o  grows, approximately, a s  a power func t ion  of 

i n t e n s i t y  (see Sec t ion  6 f o r  f u r t h e r  evidence on t h i s  p o i n t ) .  Second, a l -  

though o/m i s  probably a cons t an t  f o r  s i g n a l  r a t i o s  i n  excess  of 20 dB, 

i t  decreases  by a f a c t o r  of a s  much a s  3 f o r  sma l l e r  r a t i o s .  Assuming k = k '  

i n  each case ,  we g e t  es t imates  of sample s i z e s  of roughly 19 and 167 respec-  

t i v e l y .  The former seems very small .  



SIGNAL RATIO IN dB 
Figure 7 .  Mean and c o e f f i c i e n t  of  var iat ion (o/m) of  the ration of  suc- 
c e s s i v e  magnitude est imates a s  a function of the ration o f  the stimulus inten- 
s i t i e s  for  one observer. (Unpublished data of  D .  M .  Green and R .  D .  Luce.) 



The ques t ion  i s  whether we can make t h e o r e t i c a l  sense of t hese  d a t a  i n  

a way t h a t  a l s o  accounts f o r  A 1  r e s u l t s .  One idea ,  which although i t  has  no t  

y e t  been worked out  i n  d e t a i l  seems t o  have t h e  c o r r e c t  q u a l i t a t i v e  f e a t u r e s ,  

i s  t h a t  t he  CNS i s  a b l e  t o  focus only on a l imi ted  range of i n t e n s i t i e s  a t  any 

one time. An extreme vers ion  of t h i s  model supposes t h a t  i t  can c o l l e c t  a 

l a r g e  sample, say 167, only f o r  r a t e s  f a l l i n g  i n  a range corresponding t o  

about 20 dB, and f o r  r a t e s  ou t s ide  t h a t  range,  only  a much smal le r  sample, 

say 19,  i s  poss ib l e .  This makes sense i f  we p o s t u l a t e  t h a t  each nerve f i b e r  

has only dynamic range of about 20 dB, a s  seems t o  be the  case ,  and t h a t  a s  

i n t e n s i t y  i s  changed some f i b e r s  a r e  s a t u r a t e d  while  o t h e r s  a r e  brought i n t o  

play.  The assumption would then be t h a t  t h e  CNS can monitor f u l l y ,  w i th  i t s  

l a r g e s t  sample s i z e ,  only those f i b e r s  corresponding t o  one 20 dB range,  and 

t h a t  a c t i v i t y  ou t s ide  t h a t  range i s  monitored only wi th  much smal le r  samples. 

This assumption makes the  20 dB l i m i t  i n  t h e  phys io log ica l  d a t a  account f o r  

the 20 dB edges i n  both  the  A 1  and ME experiments.  Furthermore, i t  sugges ts  

experiments t o  t e s t  i t s e l f .  I f  we can manipulate  t h e  range t h a t  t he  CNS i s  

monitoring,  then we should g e t  p r e d i c t a b l e  phenomena. For example, by i n t r o -  

ducing sequen t i a l  dependencies i n  the  s i g n a l  p re sen ta t ion  schedule,  we can 

make the  p r o b a b i l i t y  t h a t  two successive s i g n a l s  a r e  wi th in  20 dB of each 

o t h e r  a s  low o r  high a s  we choose, which should a f f e c t  t he  tendency of t he  

sub jec t  t o  monitor nea r  o r  f a r  from t h e  va lue  of t h e  previous s i g n a l .  I f  we 

then compare the behavior  t o  t h e  except ional  s igna l s - - the  near  ones when near  

ones a r e  improbable and t h e  f a r  ones when f a r  ones a r e  improbable--with the  

behavior  t o  the  common ones, we should f ind  the  former much more v a r i a b l e  than 

the  l a t t e r .  

6.  Response Time t o  the  Onset of a Signal  

Our l a s t  a p p l i c a t i o n  i l l u s t r a t e s  the  f a c t  t h a t  problems t h a t  a r e  simple 

t o  formulate i n  the  theory do no t  n e c e s s a r i l y  lead t o  solved mathematical 

ques t  ions .  

Consider an experiment i n  which a s igna l  comes on a t  a random time a f t e r  

a warning s i g n a l ,  and t h e  observer  i s  t o  respond t o  i t  a s  r a p i d l y  a s  poss ib l e ,  

without ,  however, making too many a n t i c i p a t o r y  responses.  Formally, t h e  d a t a  

from each t r i a l  c o n s i s t  of a p a i r  of random v a r i a b l e s  2 and E,  where 



i s  t he  t ime a t  which the  s i g n a l  (say, a change i n  i n t e n s i t y )  comes on and 3 
i s  t h e  time a t  which t h e  s u b j e c t  responds. Denote by 

the  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  t h a t  t he  response time i s  t when the 

s i g n a l  onse t  time i s  x ,  and by 

t h e  d e n s i t y  of t h e  s i g n a l  onse t  t imes,  which i s  under experimental con t ro l .  

I n  terms of t he  model, we suppose a Poisson process  with parameter v 

u n t i l  S, and one wi th  parameter p (> v) a f t e r  . Some s o r t  of dec i s ion  

r u l e  w i l l  be  appl ied  t o  t h i s  s t o c h a s t i c  process ,  l ead ing  t o  a dec i s ion  a t  

time 2 (< 8) t o  i n t i a t e  t he  response. Whatever t h a t  r u l e  may be, l e t  

denote t he  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  t h a t  t h e  d e c i s i o n  time i s  y when 

the  s i g n a l  onse t  time i s  x .  We r e f e r  t o  t he  t ime - a s  the r e s i d u a l  

t ime- - i t  c o n s i s t s  of a l l  t he  t imes consumed by the  nervous system as ide  from 

those taken up i n  a r r i v i n g  a t  a dec i s ion .  We make the  fol lowing assumptions 

about  the  r e s i d u a l  time : 

( i )  a - Q and Q a r e  independent random v a r i a b l e s .  

( i i )  - 2 and a r e  independent random v a r i a b l e s .  

( i i i )  - 2 i s  a bounded random va r i ab l e .  

Empir ica l ly ,  t h e r e  i s  some doubt whether ( i )  and ( i i )  a r e  s t r i c t l y  c o r r e c t .  

For example, t he  r ead ines s  to  respond may be a f f e c t e d  by the  o v e r a l l  delay,  

and so  by t h e  va lue  of . The evidence i n  favor  of ( i i i )  i s  t h e  boundedness 

of response times t o  i n t e n s e  s i g n a l s .  The bound appears t o  be of t he  order  of 

300 msec. By ( i i )  one can reasonably p o s t u l a t e  a d e n s i t y  f o r  - , c a l l  

i t  r ,  and by ( i )  we see  t h a t  

It i s  convenient  t o  d i v i d e  the  observable response time d e n s i t y  i n t o  two p a r t s  

corresponding t o  a n t i c i p a t o r y  responses and those t h a t  appear t o  be i n  response 

t o  t h e  s i g n a l ,  s p e c i f i c a l l y  



and 

In  the experimental analys is  and data  given below, the onset density 

was exponential,  

g(x) = he-hx 

The reason for  t h i s  choice i s  t h a t  i t  makes inef fec t ive  any possible s t r a t e g i c  

considerations i n  responding based on how long the subject  has .waited. 

To the bes t  of my knowledge, the following basic  question has not been 

answered: given a payoff function P(s,J3) (where, presumably, P(f3,R) < 0 

f o r  E <  s), what is  an optimal decision ru l e  t o  de tec t  a simple increase 

(or decrease) i n  the parameter of a Poisson process? The answer t o  t h i s  might 

provide some suggestions about the s o r t s  of ru les  employed by the CNS. 

A f a r  simpler question, although not without d i f f i c u l t i e s ,  i s  t o  postu- 

l a t e  the simplest r u l e  one can think o f ,  derive proper t ies  of t, fR,  and 

'R-S' 
and compare the l a t t e r  two with da ta .  The simplest r u l e  we have 

thought of (see Luce and Green, 1972), which is both the  most responsive and 

most var iable  way t o  de tec t  a change, is  to  s e l ec t  a c r i t e r i o n  p and compare 

each IAT with i t ,  i n i t i a t i n g  a response the f i r s t  time a f t e r  the warning 

s ignal  tha t  IAT < p.  The value selected fo r  p w i l l  depend, of course, on 

the magnitude of the change to  be detected and the payoffs. Assuming t h i s  

ru le  and denoting by & the densi ty  & condit ional  on a pulse a t  time 0, 
0 

elementary probabi l i ty  considerations lead to  the following pa i r  of in tegra l -  

difference equations for  t and to: 



The t e c h n i c a l  problem i s  t o  s o l v e  t h e s e  equa t i ons .  Although t h i s  ha s  

n o t  been done f u l l y ,  enough i s  known t o  sugges t  t h a t  t h e  node l  i s  n o t  whol ly  

absurd.  I n  p a r t i c u l a r ,  f o r  s u f f i c i e n t l y  l a r g e  t ,  t h e  boundedness of t h e  

r e s i d u a l  t i m e s  p l u s  t h e  f a c t  t h a t  a  slow exponen t i a l  decay dominates  t h e  

s o l u t i o n  t o  Equat ion 26  permi t s  one t o  show t h a t  

f R ( t )  z Ae -(h+vt ) t  
J (27) 

where 

and 

where 

and A and B a r e  some f u n c t i o n s  of t h e  parameters .  O f  cou r se ,  t h e  t a i l s  of 

t h e  d i s t r i b u t i o n s  c o n s t i t u t e  on ly  a  f r a c t i o n  of t h e  d a t a  and we would r e a l l y  

l i k e  t o  know t h e  form of t h e  e n t i r e  s o l u t i o n ,  b u t  a t  p r e s e n t  we have no op t i on  

b u t  t o  was te  much of  t h e  d a t a .  

A f i r s t  t e s t  of t h e  model i s  t o  s e e  whether t h e  t a i l s  of t h e  d i s t r i b u -  

t i o n s  a r e  approx imate ly  exponen t i a l .  A sample of d a t a  i s  shown i n  F igure  8, 



.. 
TIHE CONSTANT UNITS-+ 

W E  COWTANT UNITS- TIME CONSTANT UNITS -- 
Figure  8. T a i l s  ( t  2 0.50 sec )  of t h e  f a l s e  a larm and r e a c t i o n  time d i s t r i b u t i o n s  f o r  one 
observer  a t  one i n t e n s i t y  l e v e l .  The smooth curves a r e  t he  b e s t  f i t t i n g  cxponent ia l s ,  and t h e  
i n s e r t s  p resen t  t h e  d a t a  when grouped i n t o  20 equiprobably i n t e r v a l s  according t o  those  d i s t r i -  
bu t ions .  (This i s  p a r t  of F ig .  6 of Luce and Green, 1970.) 



f o r  t i m e s  g r e a t e r  than 112 s e c ,  and t h e  approximat ion is n o t  bad.  Using 

E q u a t i o n s  27-30 t o  e s t i m a t e  v '  and ' f o r  d i f f e r e n t  i n t e n s i t i e s  y i e l d s  

F i g u r e  9. Observe t h a t  t h e  growth of p ' / v 1  is  approx imate ly  a  power f u n c t i o n  

F i g u r e  9. R a t i o  o f  Po i sson  paramete rs  e s t i m a t e d  from t h e  t a i l s  of 
t h e  r e a c t i o n  t ime d i s t r i b u t i o n s  from two o b s e r v e r s  a s  a  f u n c t i o n  
of s i g n a l - t o - n o i s e  r a t i o  i n  dB. (Th is  i s  F i g .  9  o f  Luce and Green, 
1970.)  
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of i n t e n s i t y ,  which a g r e e s  w i t h  t h e  c o n c l u s i o n  from ME d a t a  ( S e c t i o n  5 ) .  How- 

e v e r ,  t h e r e  i s  a  c o n s i d e r a b l e  d i s c r e p a n c y  i n  t h e  e s t i m a t e s  of t h e  exponents :  

something of t h e  o r d e r  o f  0.30 k 0.15 from t h e  ME d a t a  f o r  a  v a r i e t y  o f  sub- 

j e c t s  and abou t  1 .5  from t h e s e  r e a c t i o n  t ime d a t a .  

A s  Luce and Green (1972) p o i n t e d  o u t ,  one source  f o r  t h e  d i s c r e p a n c y  i s  

t h a t  t h e  r e a c t i o n  t ime a n a l y s i s  i s  f o r  o n l y  a  s i n g l e  c h a n n e l ,  and t h e  f o l l o w i n g  

model s u g g e s t s  t h a t  t h i s  may b e  t h e  o n l y  source .  Suppose t h a t  t h e  s i n g l e  

channel  a n a l y s i s  a p p l i e s  independen t ly  t o  each  o f  J p a r a l l e l  c h a n n e l s ,  each  

w i t h  a  c r i t e r i o n  6 ,  and t h a t  a  d e c i s i o n  does  n o t  i n i t i a t e  a  r e s p o n s e  b u t  

r a t h e r  c a u s e s  a n o t h e r  channe l  t o  f i r e .  T h i s  common c h a n n e l ,  which r e c e i v e s  

i n p u t s  from each of t h e  J c h a n n e l s ,  a p p l i e s  t h e  same d e c i s i o n  r u l e ,  b u t  w i t h  

c r i t e r i o n  B ,  and i t  i n i t i a t e s  a  response  whenever two of t h e  J c h a n n e l s  

f i r e  s u f f i c i e n t l y  c l o s e l y .  

I f  t h e  r a t e  of t h e  u n d e r l y i n g  p r o c e s s  i s  p, t h e n  t h e  mean IAT of  t h e  

d e c i s i o n  p r o c e s s  i s  

a s  can  be  shown by deducing t h e  Laplace  t r a n s f o r m  of 4, ( 0 ,  t )  from Equa t ion  26, 
0 

and then c a l c u l a t i n g  t h e  mean i n  t h e  u s u a l  way. By a  well-known theorem (Cox, 

1962, p. 77-79) t h e  s u p e r p o s i t i o n  of J independen t ,  i d e n t i c a l  r enewal  pro-  

c e s s e s  approaches  a  Po i sson  p r o c e s s  a s  J ; moreover,  i t s  r a t e  i s  g i v e n  b y  

I f  we assume t h a t  bo th  6 and B a r e  s u f f i c i e n t l y  s m a l l ,  s o  t h a t  we may 

use  l i n e a r  approximat ions  t o  t h e  e x p o n e n t i a l s  i n  Equa t ions  28 and 32 and d r o p  

t h e  term pB i n  Equa t ion  30, we have 

T h i s  n e a t l y  accounts  f o r  t h e  f a c t o r  o f  4 d i s c r e p a n c y  between t h e  ME and 

r e a c t i o n  t ime e s t i m a t e s .  



7 .  Concluding Remarks 

I hope t h a t  the  fo l l owing  p o i n t s  have become c l e a r  a s  a  r e s u l t  of my 

i l l u s t r a t i v e  models.  

1. Psychology ha s  e m p i r i c a l  problems o f  some complexity which can be 

s i g n i f i c a n t l y  i l l u m i n a t e d  by u s ing  p r o b a b i l i t y  models a c c e s s i b l e  t o  under- 

g r adua t e  s t u d e n t s .  

2.  A s  i n  p h y s i c s ,  r a d i c a l  o v e r s i m p l i f i c a t i o n s  ( i d e n t i c a l  channe ls ,  t h e  

s i m p l e s t  of d e c i s i o n  r u l e s ,  Poisson p roce s se s )  of t h e  m i c r o - s t r u c t u r e  ( neu ra l  

p u l s e  t r a i n s )  can ,  i f  handled w i th  c a r e ,  p rov ide  adequate  q u a l i t a t i v e  and even 

q u a n t i t a t i v e  models of t h e  mac ro - s t ruc tu r e  (psychophysics) .  

3.  Courses on s t o c h a s t i c  p roce s se s  f o r  s o c i a l  s c i e n c e  majors  probably 

should i nc lude  some m a t e r i a l  on con t inuous- t ime  s t o c h a s t i c  p roce s se s ,  e spe-  

c i a l l y  Po isson  p roce s se s  and perhaps  more g e n e r a l  renewal ones .  P sycho log i s t s  

a r e  g e n e r a l l y  l e s s  f a m i l i a r  w i t h  such p roce s se s  than w i t h  d i s c r e t e  t ime ones 

( e s p e c i a l l y  Markov c h a i n s ) ,  and a s  a  r e s u l t  they  have developed l i t t l e  theory  

f o r  s i t u a t i o n s  i n  which responses  can occur  a t  any time ( e . g . ,  Sk inne r i an  

o p e r a n t  cond i t i on ing  exper iments )  and they  tend t o  employ exper imenta l  de s igns  

w i t h  a  t r i a l  s t r u c t u r e ,  which may very w e l l  s e r i o u s l y  d i s t o r t  an o rgan ism's  

performance from what i t  would be  under more n a t u r a l  c o n d i t i o n s .  Moreover, a s  

I have t r i e d  t o  demons t ra te ,  cont inuous t ime p roce s se s  a r e  probably s a t i s f  ac-  

t o r y  models f o r  some n e u r a l  a c t i v i t y  and c e r t a i n l y  can  s e rve  a s  i d e a l i z e d  

underp inn ings  f o r  psycholog ica l  t h e o r i e s .  

Footnotes  

Note:  F igu re s  2 ,  3,  and 4 ,  copyrighted by t h e  American Psycholog ica l  
Assoc i a t i on ,  r e p r i n t e d  by permiss ion .  

1. This  work h a s  been supported i n  p a r t  by a  g r a n t  from t h e  Nat iona l  Science 

Foundat ion t o  t h e  U n i v e r s i t y  of C a l i f o r n i a ,  I r v i n e .  

2.  Not everyone r ega rds  Fechner ' s  i n f l u e n c e  a s  s a l u t a r y .  The widely  known 

American ph i l o sophe r  and p sycho log i s t  Will iam James (1890, p . 533,34 

commented a s  f o l l ows :  

" In  1860, P ro f e s so r  G .  T. Fechner of  Le ipz ig ,  a  man of g r e a t  
l e a r n i n g  and sub t l e t  l y  of mind, pub l i shed  two volumes e n t i t l e d  



'Psychophysik, '  devoted t o  e s t a b l i s h i n g  and expla in ing  a 
law c a l l e d  by him t h e  psychophysic law, which he considered 
t o  express  t he  deepes t  and most elementary r e l a t i o n  between 
the  mental and the  phys i ca l  worlds .  It i s  a formula f o r  t heee  e e 
connect ion between the  amount of ou r  s ensa t ions  and the  amount 
of t h e i r  outward causes.  I t s  s imples t  express ion  i s ,  t h a t  
when we pass from one sensa t ion  t o  a s t ronge r  one of t h e  same 
k ind ,  the  s ensa t ions  inc rease  p ropor t iona l ly  t o  the  logari thms 
of t h e i r  e x c i t i n g  causes.  Fechner 's  book was t h e  s t a r t i n g  
po in t  of a new department of l i t e r a t u r e ,  which i t  would be 
perhaps impossible  t o  match f o r  t h e  q u a l i t i e s  of thoroughness 
and s u b t l e t y ,  b u t  of which, i n  t h e  humble opinion of t h e  p re sen t  
w r i t e r ,  t h e  proper  psychological  outcome i s  j u s t  nothing."  

This  no t  wi ths tanding ,  a s  l a t e  a s  1961 Stevens t i t l e d  a paper 

"To honor Fechner and r e p e a l  h i s  law." 

3. The e a r l i e r  work of Thurstone (1927) has  some of t h e  same formal 

c h a r a c t e r i s t i c s  a s  t he  theory of s i g n a l  d e t e c t a b i l i t y ,  b u t  he and h i s  

fo l lowers  f a i l e d  t o  emphasize t h e  experimental  manipulat ion of e r r o r s  

and so d id  n o t  have t h e  empir ica l  impact they might otherwise have had. 

4. How many f i b e r s  go t o  make up a channel,  and how many channels  a r e  t he re?  

No one r e a l l y  knows, b u t  some bounds can be s e t .  I f  each f i b e r  covers  

something j u s t  under two o rde r s  of magnitude, then  anything l e s s  than  10  

f i b e r s  per  channel would be inadequate .  Since t h e r e  a r e  es t imated  on 

anatomical  grounds t o  be something of t h e  o rde r  of 30,000 p e r i p h e r a l  

aud i to ry  f i b e r s ,  the maximum number of channels  is  3,000. I f ,  a s  one 

would guess ,  t he re  i s  r a t h e r  more overlap of f i b e r s  making up one 

channel ,  something cons iderably  l e s s  than 3,000 channels  i s  t o  be 

expected. La te r ,  i n  Sec t ion  5 ,  we w i l l  c i t e  some psychologica l  d a t a  

which under one i n t e r p r e t a t i o n  suggest  t h e r e  a r e  about 170 channels .  

It i s  very doub t fu l  t h a t  t h i s  means t h a t  t h e r e  a r e  something over  100 

f i b e r s  per  channel,  bu t  r a t h e r  t h a t  t h e  channels a r e  frequency s p e c i f i c  

a s  we l l .  The phys io logica l  d a t a  make c l e a r  t h a t  i nd iv idua l  f i b e r s  a r e  

s e n s i t i v e  t o  a band of f requencies ,  and psychophysical d a t a  have long 

been i n t e r p r e t e d  a s  support ing the no t ion  of " c r i t i c a l "  frequency bands. 

Were we t o  assume 15 frequency bands and 12 i n t e n s i t y  bands, then  170 

f i b e r s  i n  each f requency- in tens i ty  band would account f o r  t he  t o t a l  

number. 



5 .  T h i s  assumes t h a t  t h e  number of channe l s  i s  independent  of f requency.  

Of c o u r s e ,  a s  should  b e  c l e a r  from f o o t n o t e  4 and i s  c e r t a i n l y  c l e a r  

from t h e  p h y s i o l o g i c a l  d a t a ,  t h e  number of a c t i v e  f i b e r s  i n c r e a s e s  

w i t h  i n t e n s i t y ,  b u t  t h a t  does  n o t  imply one way o r  t h e  o t h e r  a n y t h i n g  

abou t  t h e  number of c h a n n e l s .  C e r t a i n l y ,  i t  would b e  s i m p l e r  i n  t h e  

t h e o r y  f o r  J t o  be  a c o n s t a n t ,  and a s  we w i l l  a r g u e  i n  S e c t i o n  5 ,  

some psychophys ica l  d a t a  s u g g e s t  i t  may b e .  

6 .  The terms a b s o l u t e  judgment and c a t e g o r y  exper iments  a r e  a l s o  commonly 

used . 
7. Note t h a t  because  t h e  20 s i g n a l s  were p resen ted  w i t h  e q u a l  p r o b a b i l i t y ,  

t h e  sample s i z e  d e c r e a s e s  w i t h  i n c r e a s i n g  s i g n a l  r a t i o :  from 366 a t  

2 . 5  dB, through 195 a t  20 dB, down t o  25 a t  47.5  dB. T h i s  accounts  f o r  

t h e  raggedness  of t h e  r i g h t  end of t h e  o / m  p l o t .  
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